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Abstract
The production rate of a soft real photon from a hot quark-gluon
plasma exhibits unscreened mass singularities, within the hard-thermal-
loop resummation scheme. We show that formally still higher-order re-
summations screen the mass singularities and obtain the nite soft-photon
production rate to leading order at logarithmic accuracy. The damping-
rate part in resummed hard-quark propagators, rather than the thermal-




It has been established by Pisarski and Braaten [1, 2] that, in perturbative thermal
QCD, the resummations of the leading-order terms, called hard thermal loops, are
necessary. In thermal massless QCD, we encounter the infrared and mass or collinear
singularities. The hard-thermal-loop (HTL) resummed propagators soften or screen
the infrared singularities, and render otherwise divergent physical quantities nite
[3, 4], if they are not sensitive to a further resummation of the corrections of O(g2T ).
There are some physical quantities which are sensitive to O(g2T ) corrections, among
those is the damping rate of a moving particle in a hot quark-gluon plasma. Much
work has been devoted to this issue [1, 5, 6, 7]. (For a compact review of infrared
and mass singularities in thermal eld theory, we refer to [8].)
Among the thermal reactions, which are expected to serve as identifying the hot
quark-gluon plasma is the soft-photon (E = O(gT )) production. This process is ana-
lyzed in [9, 10] to leading order within the HTL resummation scheme. The conclusion
is that the production rate is logarithmically divergent, owing to mass singularities.
The purpose of this paper is to show that resummations of formally still higher-
order contributions screen the above-mentioned mass singularities and the divergent
contribution to the rate becomes nite, being of O(s ln
2 s). The mass singularities
found in [9, 10] arise from hard-quark propagators that are on the mass-shell. This
is a signal [11, 12] of necessity of resummation for such propagators. The resummed
propagators work for shielding mass singularities and the diverging factor in the
production rate turns out to ln(g−1).
Here it is worth recording the relations between the dierential rate E dW=d 3p of
a soft-photon [P  = (E;p); E = O(gT )] production, to be analyzed in this paper,
and other quantities which are of interest in the literature. The conventionally dened





















where nB(E) = 1=(eE=T − 1) ’ T=E is the Bose-distribution function. The damping








In Sec. II, we compute the singular contribution to the production rate of a soft
photon to leading order in real-time thermal eld theory and reproduce the result in
[9, 10]. In Sec. III, we carry out further resummation of the one-loop self-energy part
for the hard-quark propagators, which are responsible for mass singularity, and show
that mass singularity is screened. Then, the production rate is evaluated to leading
order at logarithmic accuracy, by which we mean that the factor of Of1= ln(g−1)g
is ignored when compared to the factor of O(1). The rate thus obtained is gauge
independent. We then analyze the diagrams that are related to the above \leading-
order diagram" and show that their contributions are nonleading. In Sec. IV, we
briefly analyze some other formally higher-order corrections and show that all of
them are nonleading. Sec. V is devoted to discussions and conclusions. Appendix A
collects formulas used in the text and Appendix B contains calculation of the hard-
quark self-energy part, in the region of interest in the text. In Appendixes C and D,
we analyze the one-loop correction to the photon-quark vertex. Appendixes E and F
contain some miscellaneous calculations, which are used in the text.
2 Leading-order calculation in HTL-resummation
scheme
The purpose of this section is to compute the dierential rate of a soft-photon pro-
duction to lowest nontrivial order within HTL-resummation scheme. We work in
massless \QCD" with the color group SU(Nc).
2.1 Preliminary
After summing over the polarizations of the photon, the dierential rate of a soft-









12 (P ) ; (2.1)
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where P  = (E;p). In (2.1), 12 is the (1; 2) component of the photon polarization
tensor in the real-time formalism based on the time path C1C2C3 in the complex
time plane; C1 = −1 ! +1; C2 = +1 ! −1; C3 = −1 ! −1 − i=T . [The
time-path segment C3 does not play [13, 14] any explicit role in the present context.]
The elds whose time arguments are lying on C1 and on C2 are referred, respectively,
to as the type-1 and type-2 elds. A vertex of type-1 (type-2) elds is called a type-1
(type-2) vertex. Then 12 in (2.1) is the \thermal vacuum polarization between the
type-2 photon and the type-1 photon".
To leading order, Fig. 1 is the only diagram [9, 10] that contributes to E dW=d 3p.
In Fig. 1, p0 = p = E and \1" and \2" stand for the thermal indexes, which specify
the type of vertex. Fig. 1 leads to














 (*Γ(K 0; K))1i2i1
i
; (2.2)
where i1; :::; i4 are the thermal indexes that specify the eld type. In (2.2), all the
momenta P;K and K 0 are soft ( gT ), so that both photon-quark vertexes, *Γ and
*Γ, as well as both quark propagators, *Si1i4 and *Si3i2, are HTL-resummed eective
ones (cf. (2.7) - (2.13) and (A.4) - (A.8) in Appendix A). [Throughout this paper, a
capital letter like P denotes the four momentum, P = (p0;p), and a lower-case letter
like p denotes the length of the three vector, p = jpj. The unit three vector along the
direction of, say, p is denoted as p^  p=p. The null four vector like P^ is dened as
P^ = (1; p^)].









gi gj (ij − p^ip^j) ; (2.4)
g(‘) (P^ )  g0P^ + g0P^ − P^P^ : (2.5)































0; K) ; (2.8)
































































, Eq. (2.8), is the HTL
contribution, in terms of an angular integral, and Q = qQ^ is the hard momentum
circulating along the HTL. (*Γ(K;K 0))
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where i = 2 for i = 1 and i = 1 for i = 2. It turns out that the production rate
E dW=d 3p diverges due to mass singularities. As in [9, 10], we are only interested in
the divergent parts neglecting all nite contributions.
2.2 Computation of E dW (t)=d 3p in (2.6)
Mass singularities arise from the factor 1=P  Q^ = fE(1 − p^  q^)g−1 in (2.11) and
(2.12), which diverges at p^ k q^. Let us see the numerator factors in the integrand of
E dW (t)=d 3p, which are obtained after taking the trace of Dirac matrices under the
HTL approximation (cf. (2.2)).
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 One of the photon-quark vertexes in Fig. 1 is the HTL contribution and the
other is the bare vertex.
In E dW (t)=d 3p, Q^ in (2.8) is to be multiplied by g(t)(p^): Q^
g(t)(p^) = gi(q^?)
i
 gi[q^i−(q^ p^) p^i]. (q^?)i vanishes at q k p, meaning that there is no singularity
in the integrand.
 Both photon-quark vertexes in Fig. 1 are the HTL contributions.
Using (2.2) and (2.8), we see that E dW (t)=d 3p includes g(t)(p^)Q^
Q^0 = −q^? q^0?
= −q^  q^0 + (q^  p^)(p^  q^0), where Q0 = q0Q^0 is the hard momentum in (*Γ)2ji
in (2.2). For q^ = p^ and q^0 6= p^, or for q^0 = p^ and q^ 6= p^, q^?  q^0? vanishes. For
q^ ’ p^ and q^0 ’ p^, q^?  q^0? / (1− p^  q^)
1=2 (1− p^  q^0)1=2, and the integrations
over the directions of q^ and q^0 converge.
Thus, E dW (t)=d 3p is free from singularity.
2.3 Computation of E dW (‘)=d 3p in (2.6)









g0P^ + g0P^ − P^P^























0)− ‘j*Sji(K) ; (2.16)
where at the R.H.S. summations are not taken over the repeated indexes. Using
(2.16), we can easily see that the term with P^P^ in (2.15) does not yield mass-








































































where and in the following in this Section the symbol \’" is used to denote an
approximation that is valid for keeping the singular contributions and the symbol
\Re" means to take the real part of the quantity placed on the right of \Re". In











with i 6= j of *Γ0s








where ^ = (D− 4)=2 with D the space-time dimension. Then, from (2.8),(2.11), and




















P^ P^/ (K  P^ ) : (2.19)
























where K^ = (1; k) and the spectral function (K) is dened in (A.8) in Appendix
A. In deriving (2.20), use has been made of nF (−k00) ’ nF (k0) ’ 1=2, where nF (x) 
1=(ex=T + 1) is the Fermi-distribution function. Thus, we have reproduced the result
reported in [9, 10].
We encounter the same integral as in (2.20) in the hard-photon production case
[4]. Here we recall that K is soft  O(gT ). Then, the upper limit k of the integration
7



















The hard contribution should be added to the soft contribution (2.21). Besides a
factor of fln(T=k) +O(1)g, the mechanism of arising mass singularity in the former



















3 Further resummation and screening of
mass-singularity
3.1 Preliminary
In Sec. II, we have seen that the singular contribution comes from the region P^  Q^










with j 6= i.
Let us rst see how does the factor P=P^  Q^, which develops singularity, come about
in these *~Γs (cf. (2.11) and (2.12)).
The diagram to be analyzed is depicted in Fig. 2, where Q is hard while P , K,
and K 0 are soft. As in the canonical HTL-resummation scheme, it can easily be shown
that the gauge-parameter dependent part of the hard-gluon propagator (cf. (A.9) in
Appendix A) leads to nonleading contribution. Thus, our result to be obtained in
this Section is gauge independent.










 γ S‘j(Q+K) γ ji(Q) : (3.1)
In (3.1), S‘j is the bare thermal quark propagator and −gji is the bare thermal
gluon propagator (cf. Appendix A). It is worth remarking that *~Γs in (3.1) satisfy
the relation (2.14).
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‘j (Q+K) ji(Q) : (3.2)






the singular contribution comes from
~S( )21 (Q+K




nF (−q0) (q0 + k
0









nF (−q) (q0− q + k
0









[( )− nF (q)]
 (q0 − q + k
0





where Q^ = (1; q). Since P  Q^  0, the P prescription is dropped in the last line.
For the  = − sector, the integration variable q in (3.2) is changed to −q, so that
P  Q^− ! P  Q^+ = P  Q^. Carrying out the integration over q0 and then over q = jqj,
we obtain (2.8) with (2.10b). In (3.3c), a singularity appears at P  Q^ = 0, i.e. q^ =
 p^.
It can readily be seen that this singularity is not the artifact of the approximation
made at (3.3b). In order to see this, consider the process \q" (Q+K) ! q (Q+K 0)
+ γ(P ), where q(Q + K 0) [γ(P )] is the on-shell quark [photon] and \q" is the o-
shell quark (cf. Fig. 2). The propagator 1=(Q+ K)2 has singularity at p k (q + k0);
1=(Q+K)2 = 1=(Q+K 0+P )2 = [2fpjq+k0j −p(q+k0)g]−1 =1, the collinear or mass
singularity. As in the present example, mass singularity may emerge [15, 16] from the
small phase-space region where the momenta Rs (being kinematically constrained to
R2  0 or R2  0) carried by bare propagators are close to the mass-shell, R2 ’ 0.
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Other parts of the diagram under consideration do not participate directly in the
game. As seen above, relevant parts in (3.1) with ‘ = 1, i = 2, and j = 1 are
S21(Q+K 0), S11(Q+K), and the external photon line. We assume that the photon
is not thermalized, so that no (thermal) correction to the on-shell photon should be
taken into account.
3.2 Further resummation for quark propagators
Above observation leads us to look into the quark propagator, Sji, close to the light-
cone. In Appendix B, we evaluate the one-loop resummed hard-quark propagator
Sji(R) close to the light-cone, R2 ’ 0 (cf. Fig. 3). The result is summarized in





~S( )ji (R) (j; i = 1; 2) ; (3.6)
~S
( )










r0 −  (r +m2f=r) + i(r0)ΓR
+i(r0)nF (jr0j)  (R) ; (3.7)
~S( )12=21(R) = inF(r0)
 (R) ; (3.8)
where mf is as in (2.9), (r0)  r0=jr0j, and





























(gT )2 : (3.11)
Thus, through resummation of the one-loop self-energy part ~F (R), Fig. 3, the
generalized functions Sji(R) turns out to the ordinary functions
Sji(R).
Some remarks about the derivation in Appendix B of (3.6) - (3.10) are in order.
The term −m2f=r in (3.7) and (3.9), which is proportional to Re~F (R), comes from
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Fig. 3 with the region of hard Q0 and R − Q0. ΓR, Eq. (3.10), in (3.7) and (3.9),
which is proportional to Im~F(R), comes from Fig. 3 with soft-Q0 region, where
the eective gluon propagator is used. It should be emphasized again that the above
result for Sji(R) is gauge independent.
Let us study the property of (R) in (3.9).
 (R) is a \smeared -function",
ΓRfr0 −  (r+m
2
f=r)g. In the important region jr0 −  (r+m
2
f=r)j  ΓR, the width
ΓR is of Of(m2f=T ) ln(g
−1)g = Ofg2T ln(g−1)g at logarithmic accuracy. Since R is
hard, m2f=r = O(g
2T ). Then, at logarithmic accuracy, the term −m2f=r in (3.7)
and (3.9) may be ignored when compared to ΓR = Ofg2T ln(g−1)g. This means, in
particular, that the resummation of only the imaginary-part of the self-energy part,
ImF , is important. From the above observation, we conclude that the important
region of r0 is
jr0 − rj  Ofg
2T ln(g−1)g (3.12)
and, at logarithmic accuracy,















= Ofg2 T ln(g−1)g : (3.14)
We like to add a comment here. In the region (3.12), next-to-leading order con-
tribution to the soft-gluon propagator in Fig. 3 seems to be important. For the
purpose of crudely including its eect, we follow [7]: Introducing the magnetic mass

















0) q00 ! q00(1 + 0+)
:







(r0 − r)2 +m2g
!
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for ΓR (Eq. (3.10)). Since mg = O(g2T ), in the region (3.12) of our interest, jr0− rj
>> mg at logarithmic accuracy. Thus, for our purpose, we may set mg = 0.
Similar observation as above leads us to use the approximation in (3.7),
1
r0 −  (r +m2f=r) + i(r0)ΓR
’
1
r0 − r + i(r0)Γ
; (3.15)














r0 − r + i(r0)Γ
+i(r0)nF (jr0j)  (R) ; (3.16)
~S( )12=21(R) ’ inF(r0)
 (R) ; (3.17)
with (R) in (3.13).
Comparing (A.2) and (A.3) in Appendix A with (3.16) and (3.17), we see that, in
(3.3b), the following substitutions should be made,
(q0 − q + k
0






[q0 − q + k00 −  q^  k0]2 + Γ2
;
P
q0 − q + k0 −  q^  k
!
PΓ
q0 − q + k0 −  q^  k

q0 − q + k0 −  q^  k
[q0 − q + k0 −  q^  k]2 + Γ2
:
(3.18)


































(k00 − q^  k0)2 + Γ2
k0 − q^  k
(k0 − q^  k)2 + Γ2
;(3.19)




. The substitution (3.18) violates (2.16), on the basis of
which our analysis is going. This issue will be dealt with in the following subsections.
In passing, we here reconrm the validity of the approximations, (3.13) and (3.15),
which lead to (3.16) and (3.17). Using the original forms (3.7) - (3.10), in place of
12
Γ(k00 − q^  k






















When jK 0  Q^j = jk00 − q^  k
0j = Ofg2T ln(g−1)g, ~ = O[1=fg2T ln(g−1)g]. Then,Z
jK0 Q^j=Ofg2T ln(g−1)g
dk00
~ = O(1) : (3.21)
When, for example, jK 0  Q^j = O(g3T ), ~ is also of Ofg2T ln(g−1)g. Then, up to a
factor of ln(g−1), Z
jK0 Q^j=O(g3T )
dk00
~ = O(g) ;
which may be ignored when compared with (3.21). Thus, at logarithmic accuracy,
we may use the approximate form (3.13) for (3.20). The approximation (3.15) may
be justied similarly.

















Q^ K 0 − iΓ
−
1




P  Q^− 2iΓ
 
1
Q^ K 0 + iΓ
−
1
Q^ K − iΓ
!#
:
















(Q^ K 0)2 + Γ2
+
Γ
(Q^ K)2 + Γ2
)
: (3.22)
In the limit Γ ! 0+, 1=P  Q^ diverges at p k q, and the singular contribution (2.15a)
is reproduced.
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We may take the limit Γ ! 0+ in the quantity in the curly brackets in (3.22),











1− p^  q^
(1− p^  q^)2 + ~Γ2
f(Q^ K 0) + (Q^ K)g ;
where
~Γ  2Γ=E = Ofg ln(g−1)g: (3.23)













1− p^  q^













ln(g−1)P^  P^/ (P^ K 0) : (3.26)









ln(g−1) P^  P^/ (K  P^ ) : (3.27)
Comparing (3.26) and (3.27) with (2.18) and (2.19), we see that the replacements


















which is valid at logarithmic accuracy. It should be emphasized that the logarithmic
factor ln(g−1) in (3.22c) and (3.27) emerges through the integration over p^  q^ in
(3.22a) and (3.22b). As has been already mentioned and will be shown below, the
result (3.28) is gauge independent.
As to the hard contribution, the mass singularity is cuto in the same way as in
the soft contribution analyzed above, which produces a ln(g−1) as in (3.28). Adding



























This is the central result of this paper.
3.3 Further resummation for photon-quark vertexes
Deducing the result (3.29) is not the end of the analysis. In deriving (2.17), we have
used the Ward-Takahashi relation (2.16). Substitution of Γ (cf. (3.19)) for *Γ in
(2.16) violates the identity (2.16).
For the purpose of extracting the correct Γ, let us dene the self-energy part of
a soft quark,  ~(R). (Of course this Γ, the correct one, is not to be confused with
Γ in the above Subsection B.) ~(R) is calculated from Fig. 3 (with R soft and Q0
hard), where the one-loop resummed hard-quark propagator S(R−Q0) is assigned to
the quark line. Then, we construct a  ~(K)-resummed soft-quark propagator S(K).
Finally, we attach a soft-photon line on the quark line of ~S(K) in all possible ways.
































Here ~1 (Q1; Q2) is the one-loop contribution to the photon-quark vertex, Fig. 4. The
contribution of ~1 to
Γ is diagrammed in Fig. 5.














We have seen in Secs. II and IIIB that, in evaluating the production rate, there
arises no divergence originated from *S(K) and *S(K 0). Then, the dierence between
S(K) and *S(K) is simply a higher-order correction to *S(K), and we use *Ss in place
of Ss.
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It can easily be shown that Γs in (3.30) satisfy the same relation as (2.14). Using
































which consists of three contributions corresponding to three terms in (3.30) with
(3.31). Two of them have already been analyzed. The third or \new" contribution
comes from ~1 in (3.31).










with j 6= i diverges due to mass
singularity. We are again led to replace the bare-quark propagators, Sjis, in Fig.
4 with the one-loop resummed counterparts, Sji. As discussed at the end of Sec.
























We are interested in ~1(Q1; Q2)s, where Q1 and Q2 are hard and Q
2
1 =




s, as in Appendix B, we divide the in-
tegration region of Q0 in Fig. 4 into three regions: (I) the soft-Q0 region, (II) the
region where Q1 +Q0 (and then Q2 +Q0 also) is soft, and (III) the region where both
Q0 and Q1 +Q0 are hard. The contribution from the region (II) is nonleading, since
the phase-space volume is small. The phase-space volume of the region (I), where
the bare-gluon propagator ij (Q
0) in (3.34) should be replaced by the eective one
*ij (Q
0), is also small. We shall show, however, that, as in the self-energy case dealt
with in Appendix B, due to the singular structure of the eective gluon propagator,
the leading contribution emerges from the region (I). In Appendix D, we shall show
that the contribution from the region (III) is nonleading.
Through the above-mentioned replacement (3.34), the additional contribution in-









































(1− k^  q^)~S( )2i1 (Q+K


















~S( )j1 (Q1 +Q
0)
~S( )1i (Q2 +Q
0) *ij; (Q
0) : (3.36)
We shall show that (3.35) is nonleading when compared to (3.28).
>From the argument in Sec. IIIB, we see that it is sucient for our purpose to
analyze (3.36) in the region,
jq10− q1j ; jq20 − q2j  Ofg
2T ln(g−1)g ;
 = (q10) = (q20) : (3.37)
In this region,
j1−  p^  q^j  O(~Γ) ;
where ~Γ is as in (3.23). Also, the same reasoning as in Sec. IIIB allows us to use
(3.16) and (3.17) for ~Ss.
*ij; (Q
0) in (3.36) consists of three parts (see Appendix A); the chromo-magnet-
ic part, the chromo-electric part, and the gauge part [18]. The chromo-electric part
develops thermal mass of O(gT ) while the chromo-magnetic part *magij; (Q
0) does not,
so that the latter part yields the dominant contribution. The contribution from the
gauge part is nonleading, which we shall show in Appendix C2.
We see from the forms (A.13) - (A.19) (in Appendix A) for *magij; (Q
0) that
*magij; (Q





0) (i; j = 1; 2) : (3.38)
Thus we have












f1− (q^1  q^













is carried out in Appendix C. The contribution of O(1),
the same order of magnitude as the bare photon-quark vertex, arises in the region
(3.37) (cf. (C.9) with (C.8)). Inserting (C.2) - (C.6), (C.13), (C.14), (C.15), and
(C.16) into (C.1), we obtain














ln(g−1)nF (q) f1− nF (q)g~Γ(1−  p^  q^) ;
(3.40)













1−  p^  q^ i ~Γ




which are valid at logarithmic accuracy and are gauge independent. Remember that,
in (3.40) and (3.41), Q1 = Q+K 0 and Q2 = Q+K.
It is worth remarking that the leading contribution, Eqs. (3.40) and (3.41), comes
from the region in Fig. 4, where jq00j=q
0 << 1, (Q1 + Q0)2  Of(gT )2 ln(g−1)g, and
(Q2 +Q0)2  Of(gT )2 ln(g−1)g.
Using (3.40) and (3.41) in (3.35), we encounter the integrals of the types,












H includes (Q2), which leads to q0 = q. Then jq10 − q1j = jK 0  Q^ j = O(gT ),
which is out side [19] the region (3.37). Then H leads to nonleading contribution.
For computing HP , note that (3.16), (3.17) with (3.13) and (3.14) tell us that
~S( )ik (Qj) (j = 1; 2) is a linear combination of 1=(qj0−qj+iΓ) and 1=(qj0−qj−iΓ).
Also note that P=Q2 ’ f=(2q)gP=(q0 − q). Then HP in (3.42) includes, e.g.,Z
dq0
1
q10 − q1 − iΓ
1






K 0  Q^ − iΓ
1





q10 − q1 − iΓ
1










K 0  Q^ − iΓ
+
1
K  Q^ + iΓ
#
:
All other integrals involved in HP may be computed similarly.




























(1− k^  q^) *~S()22 (K)−
X
0=

















24 C(1); ij; 
K 0  Q^ + iΓ
1
K  Q^ + iΓ
+
C(2); ij; 
P  Q^ + 2iΓ
(
1
K 0  Q^ − iΓ
+
1
K  Q^ + iΓ
)35 (3.44)
with




22; = nF (q)[1− nF (q)]







= −[( )− nF (q)][(−)− nF (q)]
C(1); 22; = −[(−)− nF (q)]
2 :
Let us evaluate (3.43). The integrals we encounter are







 ~Γ(1−  p^  q^) or
P~Γ






K^ 00  Q^

Fij (3.45)
and I or P [Fij; K^], which is dened as (3.45) with K^ 00 ! K^ and d(k^
0  q^)! d(k^  q^).
In (3.45), ~Γ(1−  p^  q^) and P~Γ=(1−  p^  q^) come from
^
( )
1 s (cf. (3.40) and (3.41)).
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It is worth estimating the order of magnitude of (3.43). We note that the soft-
K region, jKj = O(gT ) = jK 0j, yields the dominant contribution to (3.43). The
contribution from the \super-soft" region, jKj << O(gT ) or jK 0j << O(gT ), is
nonleading, because the phase-space volume is small. Then, in (3.43), E = O(gT ), q
= O(T ),
R
dk0 dk = O(g2T 2),
R



























>From (3.46), we see that a contribution of O(e2g2T 2), the same order of magnitude
as (3.28), arises from the portions of Fij in (3.44), whose contribution to I or P is of
Of1=(g3T 2)g.
We are now in a position to concretely evaluate (3.43). Let us pick out the rst
term in the square brackets in Fij in (3.44):
1
K 0  Q^  iΓ
1
K  Q^  iΓ
: (3.47)
We show in Appendix E that their contributions to I or P are of Ofln(g−1)=(gT )2g
and then lead to nonleading contribution to E dW (‘)=d 3p.
We next take up the term
1
P  Q^ + 2iΓ
1
K  Q^  iΓ
(3.48)
in Fij. Substituting (3.48) for Fij in (3.45), we obtain




~Γ or (1−  p^  q^)
(1−  p^  q^)2 + ~Γ2
1
P  Q^ + 2iΓ
Z
d(k^0  q^)
1− 0k^0  q^























0 + Ez  iΓ
k00 + k




where z  1−  p^  q^. We rst consider the region jk0 − jk00jj = O(gT ). The leading

























































Here, for the purpose of extracting the imaginary part of I or P , the factor i0+
has been kept.
In the region jk0 − jk00jj  O(Γ), including k
0 = jk00j, by changing the integration
variable z in (3.49) to z0 = (1=~Γ) z, we obtain














P  Q^ + 2iΓ
1
K 0  Q^  iΓ
; (3.53)
we obtain
I or P [Eq. (3.53); K^ 00 ] ’ I
 or P [Eq. (3.48); K^ 00 ] : (3.54)
In a similar manner, we may calculate I or P [Fij; K^]. For jk − jk0jj = O(gT ),
I or P [Eq.(3.48); K^] ’ I




























k0 − k  i0+




and for jk − jk0jj  O(~Γ),
I or P [Eq.(3.48); K^] ’ I







Note that the volume of the integration region jk0 − jk00jj = O(gT ) is
R
dk0 dk =
Of(gT )2g while the volume of the region jk0 − jk00jj  O(Γ) is
R
dk0 dk = O(gTΓ)
= Ofg3T 2 ln(g−1)g. With this observation, we see from (3.52) and (3.56) that the
contributions from the regions jk−jk0jj  O(Γ) and jk0−jk00jj  O(Γ) are nonleading.
>From (3.51), (3.54), and (3.55), we see that I or Ps are of O[1=fg3T 2 ln(g−1)g].
Then, from the statement above after (3.46), we conclude that, up to possible factor(s)
of ln(g−1), the term of the types (3.48) and (3.53) lead to contributions of O(e2g2T 2)
to the production rate.
Substituting the second term in Fij (Eq. (3.44)) into (3.43) and using (3.51),
(3.54), and (3.55), we see that the cancellation occurs between the leading contribu-
tions. Thus, the contribution (3.43) is nonleading.
In passing, it is worth mentioning here that even the each contribution correspond-
ing to the each term in the square brackets in (3.43) is subleading, i.e., Of1= ln(g−1)g
smaller than (3.28). The reason for this is as follows. In deriving (3.28), the integra-
tion over p^  q^, carried out at (3.22a) and (3.22b), has yielded a factor of ln(g−1),Z
d(p^  q^)
1− p^  q^






’ ln(g−1) : (3.57)





~Γ or (1−  p^  q^)
(1−  p^  q^)2 + ~Γ2

1
1−  p^  q^ + i~Γ
= O(1) (3.58)






(cf. (3.40) and (3.41)).
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3.4 Repetition of the procedure
In the last subsection, when we have derived (3.35), use has been made of the Ward-
Takahashi relation (3.32). However the replacement (3.34) again violates (3.32). His-
tory repeats itself!
For the purpose of identifying the correct ~Γ, as in Sec. IIIC, add the contribution
of Fig. 6 to the soft-quark self-energy part. Construct a self-energy-part resummed
soft-quark propagator. Attach a soft-photon line on the quark line in all possible
ways. The same reasoning as in Sec. IIIC allows us to still use *S(K) and *S(K 0)
for soft-quark propagators. The newcomers to ~Γ are depicted in Figs. 7 and 8. In
Fig. 8, the diagrams that have been already dealt with in Secs. IIIB and IIIC are
subtracted. The diagrams in Figs. 8(a2) and 8(b2) contain hard-quark self-energy
part ~(Q+K 0). The corresponding self-energy part in Figs. 8(a1) and 8(b1) will be
denoted as ~[Q + K 0]. As has been mentioned earlier, only the imaginary parts of
~(Q+K 0) and ~[Q+K 0] are relevant. In Appendix B4, we show that, at logarithmic
accuracy,
Im ~[Q+K 0] ’ Im ~(Q+K 0) :
Thus the contribution from Fig. 8 to the production rate is negligible.

































where ~1 is as in (3.31).
We repeat the argument in Sec. IIIC. Replacement of the bare-quark propaga-
tors, Ss, in Fig. 7 with the one-loop resummed counterparts, Ss, makes the \new"
contribution nite (cf. (3.34)), the leading part of which is given by (3.43) with ^
( )
1
! ^( )2 , which is proportional to ~

2 (Eq. (3.59)) with
^1 for ~

1 . Just as in the
case of (3.43), one can show that the \new" contribution is nonleading.
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~Γ2 or ~Γ (1−  p^  q^) or (1−  p^  q^)2
[(1−  p^  q^)2 + ~Γ2]2
1
1−  p^  q^ + i~Γ
= O(1) :
(3.60)
Repeating the above procedure, at the nth step, we obtain an \new" contribution
to dE(‘)=d 3p. The photon-quark vertex containing in this new contribution, i.e., the
\additional" parts in (Γ)‘ji (cf. (3.30), (3.31), (3.34), and (3.59)), are the ladder
diagrams with (n+ 1)-rungs. The same reasoning as in the cases of n = 1 and n = 2





~Γj (1−  p^  q^)n−j
[(1−  p^  q^)2 + ~Γ2]n

1
1−  p^  q^ i~Γ
= O(1) ;
where 0  j  n.
An inspection of a \crossed ladder" diagram Fig. 9 shows that no new complexity
comes about and its contribution to ~2 is no more \singular" than the counterpart
in the case of ladder diagram analyzed above. This is because the leading part of
the soft-gluon propagator is independent of the thermal indexes. (See (3.38).) Then
the contribution of Fig. 9 to the production rate is also nonleading. Similarly, the
contributions from formally yet higher-order crossed diagrams are also nonleading.
4 Absence of additional contributions of leading
order
In this section, we analyze some other formally higher-order corrections to the soft-
photon production rate and show that they are nonleading. This result suggests that
no leading-order contribution emerges from other diagrams than those analyzed in
Sec. III.
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4.1 Analysis of Figs. 10 - 12
In Secs. IIIC and IIID, we have seen that formally higher-order corrections to the
photon-quark vertex, ~n(Q1; Q2) with Q1 and Q2 hard, are of O(1). This seems
to be also the case for a quark-gluon vertex, q(Q + K) ! g(Q) + q(K) with K
soft and Q hard. Then we are lead to analyze formally higher-order corrections to
the HTL contribution to the soft-quark propagator and to the photon-quark vertex.
We analyze them in turn and show that they lead to nonleading contribution to the
soft-photon production rate.
4.1.1 Soft-quark propagator
As sated above, the one-loop quark-gluon vertex, \q" (K+Q)! \q" (K) + \g" (Q),
in Fig. 10 could be of O(1), which comes from the soft-P 0 region, so that Fig. 10
with Q hard seems to be of the same order of magnitude as the HTL contribution to
the soft-quark self-energy part. Nevertheless, we shall show that the contribution of
Fig. 10 to the production rate is nonleading.








































0) = g0(2Q+ P
0) − g0(Q+ 2P
0) − g(Q− P
0)0 (4.3)
’ 2g0Q : (4.4)
In obtaining the approximate form (4.3b), we have used the fact that the leading
thermal contribution to (4.1) comes from the region, where at least one out of four
hard propagators is on the mass shell, which leads toQ2  O(gT 2). Using this fact, we
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see that, in (4.1), (Q+2P 0) ’Q in (4.3a) appears in the form
n
γ  ( dQ+K)o’ Q^/ Q/
 O(gT ) and, in (4.2), (Q−P 0)0 in (4.3a) appears in the form Q/
n
γ  ( dQ+K + P 0)o
’ Q/ Q^/   O(gT ). Thus, these terms as well as the term g0 P
0
 in (4.3a) are negligible
when compared to 2g0Q. From the fact stated above and as will be seen below, ~1ij
comes to be a sum of product of the terms, g2=(K  Q^ + i0+) and g2=(K  Q^ − i0+).
If the term (K  Q^ + i0+)−1  (K  Q^ − i0+)−1 survives, we encounter a divergence





K  Q^ + i0+
1







Now let us consider that, as in Sec. III, all the hard quark and gluon propagators in
(4.1) and (4.2) are replaced by one-loop resummed counterparts. Similar analysis as





K  Q^ + i Γ^
1










where Γ^ corresponds to Γ = E~Γ=2 in Appendix C and Γ^ = Ofg2 ln(g−1)g. Then
the contribution from Fig. 10 to the production rate would be of the same order of
magnitudes as (3.28).
We shall show that this is not the case, i.e., (4.1) contains only the well-dened
distributions, (K  Q^  i0+)−2. It should be mentioned that the contribution (4.6)
comes from the region jK  Q^ j  O(Γ^). Using (A.1) - (A.3) (in Appendix A) in (4.1)
with (4.2), we see that the dominant contribution to (4.1) comes from the region q0
’ q ( = ). Then Q in (4.3b) may be approximated as Q ’ (q;q). We shall see
below that, at jK  Q^ j  O(Γ^), the leading part of ~
a; 
g1 (Eq. (4.2)) is independent


























K  Q^ + iΓ
; (4.7)
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where a(); kjj‘ is dened as in (F.3) in Appendix F.
Using (4.3b) in (4.2) and substituting (3.38) for *k‘(P






= −2g2 Nc T










f1− (q^  p^0)2g ~S( )ik (Q+K + P
0) ‘i(Q+ P
0) ; (4.8)
where use has been made of the fact that (4.8) is to be inserted in (4.7). We pick out
from (4.8) the term f1 − (q  p^0)2g. As in Appendix C, the leading contribution to
(4.8) comes from the region q^  p^0 ’ 0, so that f1− (q  p^0)2g ’ 1.




d(p^0  q^) ~S( )ik (Q+K + P
0) ‘i(Q+ P
0) :
Evaluation of D( )ijk‘ is carried out in Appendix F:




































Now let us dene











Using the formulas in Appendix F, we can show by induction that









































0 p0 t(P 0)=p00 diverges logarithmically. As in Sec. III, replacing the bare prop-
agators Sik and ‘i in (4.1) and (4.2) with one-loop resummed counterparts makes
the diverging factor ln(g−1) (cf. Appendix C), the factor ln(g−1) which is placed in
(4.6). [We recall that, as in Appendix C, the important region for emerging the factor
ln(g−1) is jp00j << p
0.]
The terms (K  Q^  i0+)−2 in (4.12) are well-dened distributions. Thus, (4.12)
is of O(g2T ), which is O(g) smaller when compared to the HTL contribution. This
completes the proof that the contribution of Fig. 10 to the production rate is non-
leading.
So far we have dealt with one-loop contribution to the quark-gluon vertex, ~a;g1 .
Now let us turn to analyze multi-loop contributions.
We rst inspect the ladder diagram as depicted in Fig. 11, where solid- and
dashed-lines stand, respectively, for quark- and gluon-propagators, Q is hard, and
P 0js are soft. We are interested in the behavior at K  Q^ ’ 0. The contribution from
the region where P 0j (1  j  n) are soft could be of the same order of magnitude as
the lowest-order or HTL counterpart. Through similar argument as above after (4.4),









1A ’ 2gi−1iQi ;
(1  i  n) ;












































where k1 = k and ‘1 = ‘.
We can write, with obvious notation, ~S
( )
ki+1ki

















j  Q^ + i0+
:
As has been discussed above after (4.12), the important region is jp0j0j << p
0
j (1  j
 i− 1). Also, similar analysis as in Appendix F shows that the region jp0j  q^j << p
0
j






d(p^0i  q^) ~S
( )
ki+1ki
(Ri +K + P
0
i ) ‘i‘i+1 (Ri + P
0
i ) ; (4.14)
we can use the result obtained in Appendix F:
Eq:(4.14) = D( )ki+1ki‘i‘i+1 :































K  Q^ + i0+
n :
(4.15)




































K  Q^ + i0+
n+1 ; (4.16)
which involves only well-dened distributions, and is O(gn) smaller than the n = 0
case.
29
In (4.16) one can carry out the summation over  =  and integration over q.
For our purpose, however, the result of such calculation is not necessary to reproduce
here.
Let us turn to analyze Fig. 11 in a general covariant gauge for hard-gluon prop-
agators. Figure 11 contains n + 1 hard-gluon propagators, out of which the gauge
parts (the second term in (A.9)) are assigned to ng propagators and the g parts
(the rst term) to n− ng + 1 propagators (1  ng  n+ 1). We shall show that their
contributions are of nonleading.











K  Q^ + i0+
n+ng :





K  Q^ + i0+
n+ng+1 : (4.17)
Relative to the case of n = 0, (4.17) is of
O(g2n=gn+ng ) = O(gn−ng ) : (4.18)
Thus we see that the cases ng = n and ng = n+ 1 need further study.


























(2Q^j ) ; (4.19)




i . In ~
n
ij-resummed soft-quark propagator, Tng=0 appears in
two forms, T Kng=0  tr[K/Tng=0] / K  Q^/  = O(gT ) and T
0
ng=0
 tr[γ0Tng=0] = O(1).























Obviously, we have to study only (4.20) with K = P 0s = 0 and the parts which are
linear in (soft) K and P 0s.
First of all, we note that the contribution (to ~nij) under consideration comes from
where at least one of the hard propagators is on the mass-shell. This means that





and then jq0 − qj  O(gT ). Tng with K = P
0s = 0 reads
Tng













With jq0−qj  O(gT ), we see that 2(Q Q^)Q/ − Q2Q^/  = O(g
2T 2). Combining with
(4.18), we see that Tng
K = P 0s = 0
leads to nonleading contribution to the production
rate.
The parts of Tng which are linear in K and P































γn Q^/  Q/ ; (4.21)
where kT  k − (k  q^) q^ etc. Note that Q/ = q0Q^/  − (1− q0=q) q ~γ, the part q0Q^/ 
of which yields vanishing contribution in (4.21). Then T (1)ng is of O(g
2). From the
same reasoning, we can readily see that all other terms are also of O(g2).
Thus, the contribution with ng = n+ 1 is nonleading. Through similar analysis,
it is easily shown that the contribution with ng = n is also nonleading.
The above analysis is sucient for our purpose. More involved analysis shows,
however, that the gauge-parameter dependent contributions to ~a;gn are much more
smaller.
We now turn to analyze a \crossed ladder" diagram, which is obtained from Fig.
11 by interchanging the vertexes with thermal indexes k; k2, ..., kn. Since the leading
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part of a soft-gluon propagator (3.38) is independent of the thermal indexes, the
analysis of the \crossed ladder" diagram does not bring about any complexity as
compared to the ladder diagram Fig. 11. Then, its contribution is nonleading.
4.1.2 Photon-quark vertex
Here we briefly analyze corrections to *Γ, the HTL contribution to the photon-quark
vertex, as depicted in Fig. 12, where Q is hard and P 0s and R0s are soft. Using the

























































with ~nij(K) as dened in Sec. IVA1, and construct a ~
N
ij -resummed soft-quark
propagator, *SNij (K). From this construction, it is obvious that *S
N
ij (K) and *~Γ

N
obeys the Ward-Takahashi relation (2.16). As has been mentioned in Sec. IVA1, for
our purpose of computing the soft-photon production rate, *SNij (K) ’ *Sij(K). Thus,


































The mass-singular contribution arises at q^ =  p^ and the i = 2 sector of (4.23) is free
from mass singularity.
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K  P^ + i0+
#
; (4.24)
where a(); ijk‘ is as in (F.3) in Appendix F, q0 = q, q^ =  p^, and then Q^ = P^ .






, which we do not reproduce
here.
>From the reasoning stated in Sec. IVA1, in analyzing (4.24), we are interested
in the region K  Q^ ’ K  P^ = K 0  P^ ’ 0. Using (4.15) and (4.22) in (4.24),
we can straightforwardly show that (4.24) contains only well-dened distributions,
1=(K  P^  i0+)n+n






. Then, (4.23) is
O(gn+n
0
) smaller than the leading contribution.
Computation with the general covariant gauge goes as in Sec. IVA1, and we reach
the same conclusion, i.e., the gauge-parameter dependent parts of Fig. 12 lead to
nonleading contribution to the production rate.
As in Sec. IVA1, the contributions of the \crossed ladder" diagrams are also
nonleading.
4.2 Brief analysis of Fig. 13
Here we briefly analyze Fig. 13, where Q1 (= Q+ K 0) and Q2 (= Q+ K) are hard,
all the three gluon lines carry soft momenta, K1, K2, and K3 (= −K1 − K2), and
show that its contribution is nonleading.
For a given set of thermal indexes (i1 − i3; j1 − j3) in Fig. 13, we assign, on
trial, the leading part of *ij , Eq. (3.38), to the three gluon propagators. It can
be shown explicitly that no divergence arises. We are now in training for an order-
of-magnitude estimation of Fig. 13. *magi‘ (Kj) = Of1=(g
3T 2)g. S( )1i1 (R + K1),
S
( )
i31(Q + K1), and
S
( )
i1i3(Q − K2) are of O(1=







1 d(k^1  q^) = Of(gT )
4g  Of~Γ=(gT )g = Of(gT )3~Γg =
R
d 4K2.
After all this, we see that, aside from a possible factor of ln(g−1), Fig. 13 is of O(1).
Now we note again that (3.38) is independent of the thermal indexes and the




(0) + V (HTL)j1j2j3
i
;
where the Lorentz indexes are deleted. The rst term comes from the bare ver-
tex and the second term represents the HTL contribution. Recalling the identityP2
j1;j2;j3=1
V (HTL)j1j2j3 = 0, we see that, upon summation over thermal indexes, j1; j2 and
j3, in Fig. 13, the contribution under consideration vanishes.
This proves that the contribution of Fig. 13 to the production rate is nonleading.
4.3 General observation
Let us consider a generic formally higher-order diagram contributing to the soft-
photon production rate. Obviously, its contribution is really of higher order, in so far
as that the loop-momentum integrations are carried out over the \hard phase-space"
region. Here the \hard phase-space region" is the region where all the loop momenta
Rs are not only hard but also are \hard", jRj >> O(gT ) and R2 >> Of(gT )2g.
Then, the only possible source of emerging leading contributions from such diagrams
are the infrared region and/or the region close to the light-cone in the loop-momentum
space.
As has already been mentioned at the end of Sec. IIIA, the mechanism of arising
mass singularities due to hard propagators are the same as in vacuum theory [15, 16],
since the statistical factor is nite for hard momentum. A mass singularity may arise
from a collinear conguration of massless particles. Other parts of the diagram do
not participate directly in the game.
Then, we see that the resummation for the relevant hard propagators in the diverg-
ing (formally) higher-order diagram render the diverging contribution nite. Singling
out the leading contributions, at logarithmic accuracy, from all those diagrams is
generally not straightforward task.
As to the contribution from the infrared region or from the region where infrared
region and the region close to the light-cone overlap each other, we cannot draw any
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denite conclusion at present. In fact, the structure of a generic thermal amplitude in
such regions remains to be elucidated, the issue which is still under way [11, 12]. We
like to stress here that this issue is not inherent in the present case of the soft-photon
production. In fact, any thermal reaction rate shares the same problem, even if it is
nite to leading order.
5 Discussions and conclusions
In Sec. II, we have analyzed the diagram that lead to logarithmically divergent
leading contribution to the soft-photon production rate. The diverging factor 1=^
comes from mass singularity. As has been pointed out in [11, 12], if the calculation
of some quantity within the HTL-resummation scheme results in a diverging result,
it is a signal of necessity of further resummation. Through resummations of one-loop
self-energy part ~F for hard-quark propagators in Sec. III, we have learned that the
mass singularity is screened and the diverging factor 1=^ turns out to ln(g−1) and













which is valid at logarithmic accuracy and is gauge independent. The result (5.1)
coincides with the the result in [12], in which the \asymptotic masses" are resummed
for hard propagators. In the present case, the asymptotic mass mf is in the denomi-
nators of (3.7) and (3.9), the mass which comes from the real part of the (hard) quark
self-energy part, Re ~F . However, as has been discussed there, at logarithmic accu-
racy, the term that should be kept is not −m2f=r but the term being proportional
to the \damping rate" Γ, which comes from Im ~F .
Much interest has been devoted to the damping rate of moving quanta in a hot
plasma [1, 5, 6, 7]. Using (1.1), (1.2), and (5.1), we obtain for the damping rate γ of










In this paper, we have pursued an argument in a heuristic way. One can state
the contents of the paper in terms of the perturbation theory, in which one-loop
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resummed hard-quark- and hard-gluon-propagators, Sij(Q) and
ij (Q), are em-
ployed. In comparison with the HTL-resummation scheme, two complexities arises
here. In the case of HTL-resummation scheme, the HTL, to which soft-lines are at-
tached, carries an hard momentum. Then, no HTL correction is necessary for hard
propagators of the HTL. On the contrary, in the present case, the propagators of the
loop in some n-point function should also be one-loop resummed ones, Sij(Q) and
ij (Q). This is the one complexity we encounter. We have seen in Sec. III, that
for a photon-quark vertex, with hard quark and soft photon, not only the one-loop
contribution but also the all multi-loop contributions are of the same order as the
bare vertex. We suspect that this is also the case for general multi-point functions.
This is the second complexity. In the case of soft-photon production rate, analyzed
in this paper, we were lucky enough in that, at logarithmic accuracy, only the bare
(soft-)photon-(hard-)quark vertex yields the leading contribution. Is this a general
\phenomenon" occurring in any thermal reaction rate which diverges due to mass
singularities? This question remains to be elucidated.
As far as the mass-singular contributions (that turns out to \ln(g−1) contribu-
tion") are concerned, we can use bare propagators for all but the hard lines that are
responsible for mass singularities. In our case, the hard gluon line in Fig. 2 and
hard lines constituting the HTL of the soft-quark self-energy part in Fig. 1 are such
propagators.
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Appendix A Thermal propagators
Here we display various expressions and useful formulas.
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j‘ (Q) ; (A.1)
~S
( )









2fq0(1 + i0+)− qg
+i(q0)nF (q) (q0− q) ; (A.2)
~S( )12=21(Q) = inF (q0) (q0 − q) : (A.3)






ji (K) ; (j; i = 1; 2) ; (A.4)
where
K^ = (1; k^) ;






2D(k0(1 + i0+); k)
+i (k0)nF (jk0j)(K) ; (A.5)
*~S()12=21(K) = i nF (k0) (K) ; (A.6)
with
































D(K) in (A.7) is rst calculated in [20].
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Bare thermal gluon propagator
j‘ (Q) = −
"
















Q2 − 2 + i0+
−2inB(jq0j) (Q
2 − 2) ; (A.10)
12=21(Q;
2) = − 2i [(q0) + nB(jq0j)]
(Q2− 2) : (A.11)











(j ; ‘ = 1; 2) : (A.12)






j‘ (K) ; (A.13)
where g(t)(k^) is as in (2.4) and






F (k0(1 + i0+); k)
−2i(k0)nB(jk0j) t(k0; k) ; (A.14)
*~mag12=21(K) = 2i nB(k0) t(k0; k) : (A.15)
In (A.14) and (A.15),
F (K) = K2 − t(K) ; (A.16)





F (k0(1 + i0+); k)
−
1




























(gT )2 : (A.19)
The above form for *j‘ (K) is calculated in [18].
Appendix B Thermal self-energy part of a quark
and resummed hard quark propagator
The quasiparticle or diagonalized self-energy part ~F is related [13] to the so-called
analytic self-energy part  through ~F (R) = ~F (r0; r) = (r0(1 + i0+); r). In real-
time thermal eld theory,  is evaluated [13] through (R) = ~11(R) + ~12(R) . ~F
is decomposed as
~F (R) = ~a(R)R/ + ~b(R) γ
0 : (B.1)
The self-energy-part, ~F , corrected propagator of a quark,
Sj‘(R), is written [13] as
in (A.4) - (A.6), provided D in (A.7) is replaced by
D,
D = (−r0 + r) f1− ~a(R)g + ~b(R) : (B.2)
In this Appendix, we compute ~F (R) or
D(R) to one-loop order, Fig. 3, in the
region of our interest,
jRj = O(T ) ; jR2j  O(g2T 2) : (B.3)
It is to be noted that, when Q0 [R −Q0] in Fig. 3 is soft, the eective thermal prop-
agator *j‘; (Q
0) [*Sj‘(R−Q
0)] should be assigned to the gluon (quark) propagator.
As will be mentioned below, the T = 0 part of ~F is not important for our purpose.
We evaluate Im ~F (r0; r) and Re ~F (r0; r) separately.
1. Im ~F (R)
It is well known [5, 6, 7] that, at the region (B.3), the dominant contribution to
Im ~F (R) comes from the soft-Q0 region in Fig. 3, where the eective gluon propa-
gator *j‘;(Q
0) should be assigned to the gluon line. *j‘;(Q
0) consists of chromo-
electric part, chromo-magnetic part, and gauge part (cf. (A.12)). Among those, the
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chromo-magnetic part, *magj‘;(Q
0), yields [5, 6, 7] the dominant contribution. This
means, in particular, that the leading contribution to Im ~F (R) is gauge independent.
In fact, at R2 = 0, the contribution from the chromo-magnetic part to Im ~F (R),
being proportional to the damping rate of a quark, diverges logarithmically.
We note that Im~F relates to the (1; 2)-component of the self-energy matrix, ~12,
through [13]
~12(R) = −2i[(−r0)− nF (r)] Im~F (R) (B.4)
 a(R)R/ + b(R) γ0 : (B.5)









R^/  +  r^  ~γ −  (~γ  q^
0)(q^0  r^)

 ~S( )12 (R −Q
0) *~mag12 (Q
0) ; (B.6)
where ~S( )12 is as in (A.3) and *~
mag
12 (Q
0) is as in (3.38).
Using (A.3) and (3.38) in (B.6), we have
~12(R) ’ i g













0) (r0 − r − q
0
0 +  r^  q
0) :
Carrying out the integration over r^  q^0, we obtain










24R^/  + ~γ  r^
8<:1−
 





where qu=‘  q0+ r0 − (r0)r.
Let us analyze (B.7) in the region (B.3), where jjr0j − rj is much smaller than
the characteristic scale gT . It is well known [5, 6, 7] that, in this region, the region
jq00j << q

















with mT as given in (3.11). Substituting (B.8) into (B.7) and carrying out the inte-
gration over −q0 < jq00j < q























where q0u = min(qu; q
0) and q0‘ = max(q‘; −q
0). Integration over q0 yields, at
logarithmic accuracy,






= b(R) γ0 : (B.10)
It should be emphasized that, at logarithmic accuracy, restricting q^0  r^ to jq^0  r^j
  (<< 1) yields the same result (B.10).
Using (B.4) and (B.5) with (B.1) and (B.2), we obtain from (B.10),











2. Re ~F (R)
In the region (B.3), T = 0 part of Re ~F is unimportant. This is because, owing to
the chiral symmetry, Re ~F vanishes at R2 = 0.
We start with considering the region where Q0 and R − Q0 in Fig. 3 are hard.
According to (A.9), ~a(R) and ~b(R) in (B.1) consist of two terms,
~a(R) = ~aF (R) +  ~a(R) ;
~b(R) = ~bF (R) +  ~b(R) : (B.12)
>From (A.12), we see that, for ~aF (R)+~a(R) and ~bF (R)+~b(R), the loop-momentum
integration in Fig. 3 is to be carried out over the region, jQ0j > q
 and jR−Q0j > q
,
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with q the cuto, gT << q << T . While, for ( − 1) ~a(R) and ( − 1)~b(R),
the integration is to be carried out over jR − Q0j > q
. For the time being, we
ignore this restriction and extend the integration region of Q0 to the whole region
−1 < jQ0j < +1.
In the following, we explicitly evaluate ~a(R) and ~b(R) and show that the gauge-
parameter dependent terms, ~a(R) and ~b(R) in (B.12), are negligibly small.
After straightforward but tedious calculation, we obtain for the the T 6= 0 part of
~aF and ~bF in (B.12),











+ ~a0F (R) ; (B.13)

























2IF − 2r0(JB + JF )
i
; (B.15)






[r0(IB + IF )




















r0 + (r − 2q0)






























r0 + r − 2q0
r0 − r − 2q0
9=; : (B.18)
Here mf is as in (2.9). IF and JF in (B.15) and (B.16) are given, respectively, by IB
and JB with nB(q0)! nF (q0), where q0 in nF (q0) etc. is jr− q0j in Fig. 3.
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Inserting (B.13) and (B.14) into (B.2), we have, for the contribution to D(R),
D(R) = D(R) + (r0 − r) ~a
0
F (R) +R
2 ~b0F (R) ;
where D(R) is as in (A.7). From the formulas displayed above, one can see that, at
the region (B.3), all but the term m2fr0=r
2 in ~bF (R), Eq. (B.14), may be ignored in
Re D. Thus we obtain




jr0 − rj = Ofg
2T ln(g−1)g ; (r0) =  :
The ignored terms in (B.19) are of O(g2jr0 − rj) and of O(g2jr0 − rj ln(jr0− rj)).
Here we remember that the infrared regions, jQ0j < q and jR − Q0j < q,
should be cut o from the integration region. The rst terms in (B.13) and (B.14)
come from hard Q0 and R − Q0 region. Inspection of (B.17) and (B.18) tells us that
ReIB and ReJB are infrared (Q0  0, R − Q0 ’ 0) insensitive. This is also the case
for ReIF and ReJF . (See above after (B.18)). Then we can extend the integration
region of q0 in (B.17) and (B.18) to the whole region 0  q0 < 1. This observation
indicates that the infrared regions, Q0 ’ 0 or R − Q0 ’ 0, do not yield the leading
contribution to Re D(R). We have explicitly conrmed that this is really the case.
















































































r0 + (r − 2q0)



































r0 + r − 2q0







































r0 + r + 2q0
: (B.27)
All the above integrals converge at q0 = 0. We divide the integration region into
0  q0  q and q < q0. It can readily be seen that the contribution from the latter
region to Re D(R) = −(−r0 +r)Re ~a + Re~b (cf. Eq. (B.2)) is negligibly small
as compared to (B.19). The contribution from the former region may be calculated
explicitly by using nB(q0) ’ T=q0 and nF (q0) ’ 1=2 and is shown to be also negligibly
small. Thus the result (B.19) is gauge independent.
Finally, for completeness, we show that the contribution to Im D(R) is negligibly
small as compared to (B.11). Obviously the contribution from (B.13) and (B.14) is





















r0 + (r − 2q0)


























where  = (r0). The contribution of (B.28) to ~b in (B.21) is ~b ’ sCF (r0R2)T ,
which leads to a subleading contribution, at logarithmic accuracy, when compared to
(B.11). This is also the case for other contributions coming from (B.23) - (B.27).
3. Resummed hard quark propagator
Here we display the formulas being valid in the region (B.3). Using (B.11) and
(B.19), and the remark, which has been made above in conjunction with (B.2), we





~S( )j‘ (R) (j; ‘ = 1; 2) ; (B.29)
where






































 (R) ; (B.31)
~S( )12=21(R) = inF(r0)
















































It should be emphasized again that the results obtained here are gauge independent.
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4. Calculation of ~[R]
Here we compute ~12(R) in (B.6) with the one-loop resummed
~S( )12 (R − Q
0) for
~S( )12 (R−Q
0), which we write ~12[R].




























As in Subsec. B1, the important region is jq00j << q
0, so that −q00 in the argument
of the function \arctan" may be ignored. Again as in Subsec. B1, integration over
−q0 < q00 < q



























Note that arctan (M2T=q
02) ’ =2 for q0 << O(gT ) and ’ O f(gT )2=q02g for q0 >>
O(gT ). The quantity in the square brackets is ’  for q0 >> O(Γ) = O fg2T ln(g−1)g,
’ O(1) for q0 = O(Γ), and = 0 at q0 = 0. Then, at logarithmic accuracy, we obtain






’ 2i s CF lnfg
−1g (r0)[(−r0)− nF (r)]T γ
0 :
Thus, we see from (B.10) supplemented with the argument in Sec. IIIB that, at
logarithmic accuracy,
~12[R] ’ ~12(R) :
Appendix C Analysis of Fig. 4 with soft Q’
1. Contribution from the chromo-magnetic part of the gluon
propagator
The purpose here is to analyze ^
( )
1 (Q1; Q2) in (3.39), where Q1 = Q+ K
0 and Q2
= Q1 + P , with K 0 and P soft, Q hard, and Q21 and Q
2
2 close to the light-cone.
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Preliminary
As will be shown below, the dominant contribution to ^( )1 (Q1; Q2) in (3.39) arises






















Nonvanishing Cs in (C.1) are
















































2 nF (q0)nF (−q0) ; (C.2)







































Re~S( )11 (Q1 +Q
0)Re~S( )11 (Q2 +Q
0) : (C.6)
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Evaluation of IIR in (C.3) and IRI in (C.4)












[f + q^1  q0]2 + Γ2

h + q^  q0
[h+ q^1  q0]2 + Γ2
; (C.7)
where
f  q1 −  (q10 + q
0
0) ;
h  f −  E(1−  p^  q^1) : (C.8)
>From (C.7), we readily see that the dominant contribution comes from the region,
f ; h ; q^1  q
0  O(Γ) : (C.9)




















(q0 + f)2 + Γ2
(q0 − f)2 + Γ2
(q0 − h)2 + Γ2




























The logarithmic factor in the square brackets vanishes at q0 = 0, behaves as 4(f−h)=q0
= 4E(1−  p^  q^1)=q0 for q0 >> jf j; jhj, vanishes at 1−  p^  q^1 = 0, and also vanishes
at f = g = 0. The term
P
=[arctanf(q
0+ f)=Γg − arctanf(q0+ h)=Γg] enjoys the
same properties as above except that it behaves as −2EΓ (f + h)(1 −  p^  q^1)=q03
for q0 >> jf j; jhj. From these observations, we see that the dominant contribution
arises from the last term in the square brackets. As in Appendix B1, the dominant
contribution comes from the region jq00j << q







1−  p^  q^1













q0 + (q1 − q10)
Γ
+ arctan





where ~Γ  2Γ=E = Ofg ln(g−1)g. As in Appendix B1, carrying out the q00-integration
over −q0 < q00 < +q






1−  p^  q^1


















1−  p^  q^1










To logarithmic accuracy, all the contributions neglected here, as well as the contribu-
tion from the chromo-electric part of the eective gluon propagator, are subleading.
We note that
1−  p^  q^1 ’ 1−  p^  q^− fp^  k
0 − (k0  q^)(p^  q^)g=q :
The last term is of O(g) and may be ignored, at logarithmic accuracy, when compared
to ~Γ = Ofg ln(g−1)g in (C.11).
Our aim is to compute the production rate at logarithmic accuracy. Then, as in
Sec. IIIB, from (C.9) we see that the logarithmic factor in (C.12) may be replaced as















Here we recall that f1 − (q^1  q^0)2g (cf. Eq. (3.39)) should be inserted in the
integrand of (C.7). We now observe that the same \phenomenon" as in the self-
energy case (Appendix B1) arises and −(q^1  q^0)2 piece may be ignored. If we carry
out the integration over q^1  q^0 in (C.7) from − to + ( << 1), we obtain IIR
in (C.10), where all q0s in the square brackets are replaced by q0. To logarithmic
accuracy, this form leads to the same result (C.12). This means that the leading
contribution comes from the region jq^1  q^0j << 1. Then the piece −(q^1  q^0)2 leads to
subleading contribution and may be ignored. This applies to all the Is to be evaluated
below.
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1−  p^  q^
: (C.14)
Evaluation of III in (C.5)












[f + q^1  q0]2 + Γ2
Γ
[h+ q^1  q0]2 + Γ2
;
where f and h are as in (C.8).



















1−  p^  q^1
ln
 
(q0 + f)2 + Γ2
(q0 − f)2 + Γ2
(q0 − h)2 + Γ2














Similar observation as above after (C.10) shows that the second term in the square































Evaluation of IRR in (C.6)








f + q^1  q0
[f + q^1  q0]2 + Γ2
h+ q^1  q0
[h+ q^1  q0]2 + Γ2
:
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(1−  p^  q^1) +
2(Γ=E)




(q0 + f)2 + Γ2
(q0 − f)2 + Γ2
(q0 − h)2 + Γ2





































ln(g−1) ~Γ(1−  p^  q^) : (C.16)
2. Contribution from the gauge part of the gluon propagator
In this subsection, we shall show that the contribution to ^( )1 (Q1; Q2) from the gauge
part of the gluon propagator in Fig. 4 is nonleading.
Assigning the last term in (A.12) to the gluon propagator in Fig. 4, we have
^( )1 (Q1; Q2)
1
ji














~S( )j1 (Q1 +Q




As in the previous subsection, substitution of (3.16) and (3.17) into (C.17) leads to
^( )1 (Q1; Q2)
1
ji






CIRji (Q) ~IIR + C
RI
ji (Q) ~IRI











for Tt(Q0)=q00. It is easily seen that the
integrals involved in (C.18) do not diverge at Q0 = 0.
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We shall briefly show that (C.18) is nonleading when compared to (3.40) and






































[q1 − q10− 
p
q02 + 2 + q^1  q0]2 + Γ2

Γ
[q2 − q20− 
p
q02 + 2 + q^2  q0]2 + Γ2
; (C.20)
where ~G(q0)  f
p
q02 + 2 − q0  q^1g2. Noting that q0 is soft and Γ = O(g2T ), we
see that the dominant contribution comes from the region;
q^1  q
0 ’ q^2  q
0 ’   q0 ;
1− jq^1  q^
0j  O(g) : (C.21)
Then, the integration over q^1  q^0, d(q^1  q^0), yields O(g2T ), and, up to possible




















The estimate (C.22) may be conrmed to be correct through explicit integration over
q^1  q^0 in (C.20) with ~G = 1:























[q0− q00 − q10 + q1]
2 + Γ2





[q0 + q00 + q20 − q2]
2 + Γ2







q0 + (q00 + q10 − q1)
Γ
+ arctan




where q00 = 
p
q02 + 2. Noting that j1−  p^  q^1j = O(Γ=E), we see that (C.23) is in
fact in accord with (C.22).
We now analyze ~G(q0) = f
p
q02 + 2− q0  q^1g2. In (C.19), ~G(q0) appears in the
two forms, ~G(q0)
 = 0
= (q0 − q0  q^1)2 and @ ~G(q0)=@2
 = 0
= (1− q^0  q^1).
>From (C.21), we obtain
~G(q0)
 = 0
= q02 O(g2) ; (C.24)
@ ~G(q0)
@2  = 0
= O(g) : (C.25)
In (C.19) with (C.20), (C.25) appears as multiplying to the integrand of (C.23)
with  = 0. Using the order-of-magnitude estimate (C.22), we have for the contribu-
tion to ^( )1 (Q1; Q2) in (C.18),
g2
Z









This contribution is nonleading as compared to (3.40) and (3.41), which is of O(1).
In (C.19) with (C.20), Eq. (C.24) appears as multiplying to the integrand of
@JII=@
2
~G = 1;  = 0






produces an additional factor of 1=q02, which is eliminated
by the factor q02 in (C.24). Taking the derivative (with respect to 2) of the rst
term in the square brackets in (C.23), which is of O(1) at logarithmic accuracy,
produces an additional factor of 1=(Γq0) and of 1=q02. The derivative of the second
term yields 1=(Γq0). Among these additional factors, the dominant one is 1=(Γq0).
From this observation together with (C.22) and (C.24), we have for the contribution
to ^( )1 (Q1; Q2) in (C.18),
g2
Z















which is also nonleading as compared to (3.40) and (3.41).
The contributions to ^
( )
1 (Q1; Q2) from other ~Is in (C.18) may be analyzed sim-
ilarly as above, and we reach the same conclusion.
Appendix D Analysis of Fig. 4 with hard Q0 and
Q2 + Q
0
In this Appendix, we shall briefly show that the contribution from Fig. 4 with hard
Q0 and R−Q0 leads to a nonleading contribution to the soft-photon production rate.












































































γ  ( dQ1 +K 0)o γ nγ  ( dQ1 +K 0 +Q0) 0o
γ0
n
γ  ( dQ1 +K +Q0) 0o γ nγ  ( dQ1 +K)o i (D.2)
and N 0 = N(K^/  ! K^/
0
0), with Q1 = Q+K
0, Q2 = Q1 + P .
We rewrite the bare gluon propagators j‘, Eqs. (A.10) and (A.11), as
11(Q


































q02 + 2) : (D.4)
The leading contribution analyzed below comes from the region where Q0 is close
to the light-cone. Then, as in the quark case, for the chromo-electric- and chromo-
magnetic-parts, one should perform the resummation of one-loop self energies, a
(a = el, mag). As we have learned in Sec. III, only the imaginary parts of the self
energies are important. Then we have, for the chromo-electric- and chromo-magnetic-
parts,
a11(Q




























(q00 − q0)2 + Γ2a
;
where Γa (a = el, mag), being proportional to −Ima, is [6, 7] of Ofg2T ln(g−1)g.
For the gauge part (cf. (A.12)), the forms of (D.3) and (D.4) are unaltered.
The heart of the contribution of the \non-gauge" part, as, to ^( )1 (Q1; Q2)






(q00 − q0)2 + Γ2a

N (2)j2 (Q1 +Q
0)
(q00 + q10 −  0jq1 + q0j)2 + Γ2

N (2)j3 (Q2 +Q
0)
(q00 + q20 −  0jq2 + q0j)2 + Γ2
; (D.5)
where j1, j2, and j3 stand for I or R and
N (1)I = Γa ; N
(2)
I = Γ ;
N (1)R (Q
0) = q00 − q
0 ;
N (2)R (Qj +Q




Here Γ is as in (3.14),  0 = (q10 + q00), and we have ignored the thermal-mass term of
a quark in quark propagators. As in Sec. III, inclusion of it does not alter the leading
contribution. Let us estimate the order-of-magnitude of (D.1). We ignore possible
factor(s) of ln(g−1) and keep only powers of g.
>From (D.5), we see that the leading contribution emerges from the \collinear"
region:
q00 − q
0 = O(Γa) = O(g










0j = O(Γ) = O(g2T ) : (D.8)
As in Sec. III, due to ~S( )s in (D.1), the leading contribution emerges from the region
q10 − q1 = O(Γ) = O(g
2T ) : (D.9)
Combining (D.7) with (D.9), we have
q1 + q
0 −  0jq1 + q
0j = O(g2T ) : (D.10)
Noting that both q1 and q0 are hard, we see that (D.10) holds only when q1 and q0
are nearly collinear or anticollinear. It is not dicult to show that (D.10) holds for
(   0) = (+ + +) or (−−−)
with 1− q^1  q^
0 = O(g2) (D.11)
and
(   0) = (+−+) or (−+−) or (+−−)
or (−+ +) with 1 + q^1  q^
0 = O(g2) : (D.12)
Equation (D.6) tells us that the integration over q00,
R
dq00, yields a factor of O(g
2T ).
From (D.11) and (D.12), we see that, in (D.5), the integration over q^1  q^0, d(q^1  q^0),





which is of the same order of magnitude as (C.13), (C.14), (C.15), and (C.16).
Using (D.11) and (D.12), it is straightforward to show that, in (D.1),
g(t)(q^0)N = O(g
2) = g(‘)(Q^0)N ;
g(t)(q^0)N 0 = O(g
2) = g(‘)(Q^0)N 0 : (D.13)
In the soft-Q0 case treated in Sec. IIIC, the counterparts to N and N 0 , Eq. (D.2),












K^ 00  Q^

. Then the counterparts
to (D.13) are of O(1). The remaining parts of (D.1) is the same as in Sec. IIIC, and
their order of magnitude may be estimated easily. After all this, we nd that the




= O(e2g4T 2) ;
which is nonleading.
The contribution to ^(
0)
1 (Q1; Q2) of the gauge part of the gluon propagator may
be analyzed in similar manners as above and as in Appendix C2, and we reach the
same conclusion.
Appendix E
Here we show that the terms of the type (3.47) in Fij yield Ofln(g−1)=(gT )2g contri-
bution to (3.45), and lead to nonleading contribution to E dW (‘)=d 3p.
For the purpose of demonstrating this, we start with computing













K 0  Q^  iΓ
1
K  Q^  iΓ
:
Simple manipulation yields













K 0  Q^  iΓ
−
1


















0 + Ez  iΓ












0 + Ez  iΓ
k00 − k0  iΓ
k00 + k
0  iΓ




where z  1−  p^  q^.
For jk0 − jk00jj = O(gT ), we can readily obtain
















k00 + k0  i0+
!#
= Of(gT )−2g : (E.2)
In the region jk0 − jk00jj  O(Γ), including k
0 = jk00j, by changing the integration
variable z in (E.1) to z0 = (1=~Γ) z, we obtain






The second integral involving (3.47) that appears in (3.43) is




1−  p^  q^
(1−  p^  q^)2 + ~Γ2
Z
d(k^0  q^) (1− 0k^0  q^)

1
K 0  Q^  iΓ
1

















0 + Ez  iΓ
k00 + k












0 + Ez  iΓ
k00 − k0  iΓ
k00 + k
0  iΓ














0 + Ez  iΓ




Consider rst the region where jk0 − jk00jj = O(gT ). Divide the integration region in
(E.5) into two regions, 0  z   and   z  2 where  << 1. The contribution
from the former region reads
I ’
E















= Ofln(1=~Γ)g : (E.7)
The contribution from the latter region,   z  2, is of O(1) and may be ignored
at logarithmic accuracy.
In the region jk0 − jk00jj  O(Γ) including k
0 = jk00j, we obtain
I = O(1=~Γ) :










0 + Ez  iΓ
k00 + k0 + Ez  iΓ
!
:
As above, for jk0 − jk00jj = O(gT ), the integration region 0  z <  with  << 1










0 + Ez  iΓ











k00 + k0  i0+
!
: (E.8)
In the region jk0 − jk00jj  O(Γ) including k













Using (E.6) and (E.8) in (E.4), we obtain, for jk0 − jk00jj = O(gT ),
























= Ofln(g−1)=(gT )2g ; (E.9)
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while, for jk0 − jk00jj  O(Γ),
IP [Eq:(3.47); K^ 00 ] = Of(gT )
−2 ln2(1=~Γ)g : (E.10)
Note that the volume of the integration region jk0 − jk00jj = O(gT ) is
R
dk0 dk =
Of(gT )2g while the volume of the region jk0 − jk00jj  O(Γ) is
R
dk0 dk = O(gTΓ)
= Ofg3T 2 ln(g−1)g. With this observation in mind, (E.2), (E.4), (E.9), and (E.10)
prove the proposition stated at the beginning of this Appendix.
Appendix F
In this Appendix, we compute D( )ijk‘:
D( )ijk‘ 
Z
dz ~S( )ij (R +K
0 + P 0) k‘(R + P
0) ; (F.1)
where, z   p^0  r^. In (F.1), R is hard and P 0 and K 0 are soft. We are interested in





dz ~S( )11 (R +K










r0 − r + p00 − p0z +K 0  R^ + i0+
+
nF





r0 − r + p00 − p0z + i0+
−
nB






nF (1 + nB)
K 0  R^ − i0+
+
nB(1− nF )
K 0  R^ + i0+
#
; (F.2)
where nF=B  nF=B(r). It should be emphasized that the region jzj << 1 or jp^0  r^j
<< p0 yields the contribution (F.2). In (F.2), we have ignored the terms that are
nonsingular at K 0  R^ = 0. It can easily be veried that those terms do not yield
leading contribution to the production rate.
In a similar manner, we can compute all D( )ijk‘. Writing


























= [( ) + nB ][()− nF ] ;
a(); 1221 = a
();−















2211 = [() + nB ][()− nF ] ;
a(); 2121 = a
();−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Figure captions
Fig. 1. Diagram that yields leading contribution to the soft-photon production rate
in HTL-resummation scheme. \1" and \2" designate the type of photon-quark
vertex. P , K, and K 0 are soft and the blobs on the solid lines indicate the
eective quark propagators and the blobs on the vertexes indicate the eective
photon-quark vertexes.
FIG. 2. HTL of the photon-quark vertex. \‘", \i", and \j" are thermal indexes.
FIG. 3. Thermal self-energy part of a hard quark.
FIG. 4. An one-loop contribution to the photon-quark vertex, where Q1 and Q2 are
hard.
FIG. 5. An \one-loop correction" to the \modied" HTL of the photon-quark vertex.
The square blobs on the solid lines indicate self-energy resummed hard-quark
propagators.
FIG. 6. An \one-loop correction" to the \modied" HTL contribution to the soft-
quark self-energy part. As in Fig. 5, the square blobs on the solid lines indicate
self-energy resummed hard-quark propagators.
FIG. 7. A \two-loop correction" to the \modied" HTL of the photon-quark vertex.
FIG. 8. \Corrections" to the \modied" HTL of the photon-quark vertex.
FIG. 9. A two-loop contribution to a photon-quark vertex.
FIG. 10. An \one-loop correction" to the HTL contribution to the soft-quark self-
energy part.
FIG. 11. \Corrections" to the HTL contribution to the soft-quark self-energy part.
FIG. 12. \Corrections" to the HTL contribution to the photon-quark vertex.
FIG. 13. A two-loop contribution to a photon-quark vertex.
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